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Abstract--A method is described for calculating, from measurement of free diffusion by means of the 
wave front shearing interferometer, three different average diffusion coefficients which can characterize 
the polydispersity of a sample. The method was tested by measurements on a monodisperse sample, 
viz. biphenyl. The criteria of polydispersity were determined for two non-fractionated polymers, 
polyisobutylene and polystyrene. A comparison of calculated and measured number and weight 
average mol. wts. illustrates the scope of the method. 

I N T R O D U C T I O N  

S~NCr Graldn's original proposal, m several attempts ~2-4) have been made to estimate 
the polydispersity of polymers from measurements of free diffusion in dilute solutions, 
but the low accuracy of  experiments has hindered a wider use of  this technique. More 
recently, however, an interesting modification of Jamin's interferometer was proposed 
by Daune e t  al . ,  ~s-7) enabling at least two different averages of diffusion coefficient 
to be determined, which in turn can serve for characterization of polymer polydispersity. 
Cussler ~s) determined the same averages from the data of Gouy's interferometer, and 
Sundel6f ~9~ studied the possibility of calculating by a convolution procedure the distri- 
bution of diffusion coefficients from data obtained with the Rayleigh interferometer. 

In 1957, BryngdahF I°. ~ constructed the wave front shearing interferometer, 
which has since proved to be a precise and sensitive tool for studying free diffusion in 
the region of very low initial concentration differences. "2-14~ In the present paper a 
new method of handling the experimental data obtained by measuring free diffusion 
of polydisperse samples with this apparatus is described. This procedure enables us to 
determine with satisfactory precision three different, well-defined averages of diffusion 
coefficient. The possibilities of the method are illustrated with experimental data on 
free diffusion measurements on monodisperse and polydisperse samples. 

THEORETICAL 

The diffusion cell is placed in a beam of parallel light; two rays, separated in the 
cell by a small distance b (given by the choice of optical elements), are compared by 
means of the Savart double plate (~°. ~1) and allowed to interfere. If  we denote by ni 
and t/2 the values of refractive index at the corresponding points inside the cell, the 
condition for interference of the two beams is ~1°) 

(nl --  n 2 ) l  = A n  l -~ j A / 2 ,  (1) 

where l is the thickness of the cell, h is the wave length of the monochromatic light 

* Paper presented at the Third Prague Microsymposium on Distribution Analysis and Fractionation 
of Polymers, 23-26 September 1968. 
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employed and j, a natural number, determines the order of the interference fringe. 
Dividing Eqn. (I) by the product bl, we obtain 

An (An) ~ d n  h 
-b - - -  a~=b -- - ~ x = J  2"bl= a'" (2) 

From Eqn. (2) it follows that thej-th fringe is formed at the point where the refrac- 
tive index gradient (dn/dx) has a given value, determined by the parameter of the 
instrument a i = j(a/2bl). Due to the bell-shaped gradient curve in free diffusion, pairs 
of fringes are always formed; the distance (2x) between the two fringes of a given pair is 
measured on a photograph, taken at a time t. 

For free diffusion of a polydisperse polymer, the refractive index gradient is given 
by the equation (1 s) 

dn Ano ~ f(D) 
dx-- 2V,(~rt) Jo -Q--D exp (--  £ ) d D  (3) 

where ±no is the initial difference in refractive index between the two solutions, and 
f(D), the distribution of diffusion coefficients, characterizes the polydispersity of the 
sample and is defined in such a way that the productf(D)dD designates the weight 
fraction of the polymer with diffusion coefficient lying between D and D q- dD. 

In a previous communication, (14) a procedure based on Eqn. (3) was derived for the 
evaluation of experimental data for polydisperse samples; it was shown that from the 
slope and intercept of the linear dependence (valid for sufficiently high values of t) 
between the two variables r = In(t) and 7/= (2x)2/t, 

1 r = In t4aj--~ J - 8 - ~ = '  (4) 

two average diffusion coefficients DI and D2 can be determined. (For evaluation of 
DI, the quantity Ano had to be known from an independent measurement.) These 
quantities are defined by the following expressions: 

D1 = D-1/2 f(D)dD , (5) 

O 

oQ 

f D- t/2f(D)dD 
D2 ----- o (6) 

f D- 3/2f(D)dD 
0 

The average D~ is identical with the diffusion coefficient Da, determined by the 
"height-area" method. By applying the H61der inequality to the definition of Dt and 
D2, it can be shown that the relation D~ > D2 must hold; the sign of equality is valid 
for monodisperse samples. 

There exists another possibility for obtaining a set of average diffusion coefficients 
for a polydisperse sample together with the initial refractive index difference Ano from 
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free diffusion measurements. It is weU known ~9" 16) that the introduction of a new 
variable 

,~ = x/2 v ' t  (7) 

leads for free diffusion to time-independent diagrams, which enable us to collect all 
information from different exposures on one master curve. Thus, the time-independent 
(generalized) gradient curve is the functional relation between the derivative (dn/dO) 
and v ~. For diffusion coetficient independent of concentration (or at sufficiently low 
initial concentration difference), the generalized gradient curve is symmetrical about 
the origin and only positive values of u a need to be considered. The semi-moments 
t*; of the generalized gradient curve can then be defined as 

dn 
d~. (8) 

O 

If we introduce O into Eqn. (3), insert the resulting expression for (dn/dv ~) into Eqn. (8) 
and perform the integration over ~, we obtain the formula 

¢o 

d o  ,9, 
/~, = 2v%r 

0 

which enables us to calculate from the experimentally available quantities/~" a set of 
diffusion averages based on the integrals occurring on the right-hand side of Eqn. (9). 

For the wave front shearing interferometer the construction of the generalized 
gradient curve is very simple :o5) The following equation, 

dn 2V,7 dn 2alV'7, aa= (10) 

which follows from Eqn. (2) and from the fact that the refractive index gradient is equal 

to the constant a~, shows that it is only necessary to plot V'~, multiplied for the j-th 
pair by 2a j, against o a. The experimental determination of b, necessary for the calculation 
of a j, has been described elsewhere. (13) 

To ensure that all points from the individual fringe pairs fall on the same line, the 
Savart double plate must be very exactly adjusted to be perpendicular to the incident 
beam. However, it is possible to calculate a correction for imperfect adjustment of the 
double plate directly from the experimental data. The maladjusted Savart plate intro- 
duces an additional optical path difference y to the two emerging wave fronts, C11) so 
that the parameter aj is now given by 

A 
j ' ~ +  Y 

a~ = bt  O1)  

To determine the correction factor y, we note that the diffusion average D1, occurring 
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in the intercept of the straight line (4); must be the same for all fringe pairs. Hence, 
putting 

(6no) 2 
A j  = 4 a } D l  

determined from the intercept of thej- th pair, we have for two successive pairs 

a j + l = J ( a j  AA--~+J~) (12) 

and 

,~ 1 - - j ]  . (13) 

] - 1  

Comparison of Figs. 1 (a and b) illustrates the effect of applying the correct ion  y. 
Due to the fact that the early exposures (with t < 4 At approximately, where ,.Xt is 

the zero time correction) must be disregarded, because the shape of the gradient curve 
is for low values of t influenced by the unavoidable imperfection of the initially formed 
boundary, the outermost part (corresponding to the earliest exposures) of the general- 
ized gradient curve is never defined. 

This can be obviated in the following way. Let us assume that the distribution f (D)  
can be approximated by the function 

f ( D )  - -  1-'(p - -  1) D-"  exp -- , (14) 

where q and p are two adjustable parameters. It is then possible to derive an explicit 
expression for (dn/do ~) as a function of o a by inserting from (14) into the equation 

dn A n o f  ( u~2 ]ef(D) 
d--~ = X/zr exp -- O J ~ D  dD, (15} 

o 

which is in effect Eqn. (3) rewritten in terms of o ~. The result then reads 

dn Ano qp-1 1 (16) 
"-~ = ~---~r (0 2 -b q ) ' - , / 2  

This expression can serve for approximating the "tail" of the generalized gradient curve 
for the calculation of its moments, if the two parameters p and q are first adjusted in 
such a way that the function (16) approaches the experimental points as closely as 
possible. The full curve in Fig. lb was calculated in this way. The uncertainty intro- 
duced into the calculated/z: by this approximation is obviously the lower, the smaller 
is the area under the approximate "tail" in comparison with the area under the 
experimental points (i.e., the higher is the initial concentration difference between the 
two solutions in the diffusion cell), and the lower is r. This condition limits to a certain 
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Fro. 1. Generalized gradient curve calculated from seven fringe pairs for diffusion of a non-fraction- 
ated polyisobutylene in n-heptane (experiment PIB 11) at 25°: (a) without correction for imperfect 
adjustment of Savart double plate Co) with correction ~, calculated from fringe pairs 3 and 4. (Different 

points originate from different fringe pairs.) 
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extent the possibility of  the instrument to measure diffusion at extremely low concen- 
tration differences, which would otherwise be feasible if only D2 were required. How- 
ever, in view of the disturbing effect of the concentration dependence of D, it is neces- 
sary to keep the initial concentration difference as low as possible, and we therefore 
limit ourselves to the calculation of the first element from the set of  average diffusion 
coefficients, defined on the basis of  formula (9). This quantity, Do, can be determined 
from the zeroth and first moments of the generalized gradient curve by means of the 
expression 

Do = [ y Dt/2 f(D)dD]2 = rr(tz:/tZ'o) 2, (17) 
0 

as obviously 

/o = a n o / 2 .  (18) 
The validity of  Do ~> D~ can be again proved by applying the H61der inequality to the 
definition of the two averages. 

E X P E R I M E N T A L  

Apparatus 
The design of our instrument, the diffusion cell and the measuring procedure were described 

earlier. "3~ The interference patterns were registered photographically by means of an automatic 
camera of our own construction, controlled by a programmed timing device; 45-55 exposures were 
taken during each experiment. ORWO Spectral Platten, type WO I Gelb Rapid or WO 3 Gelb Extra- 
hart were employed, developed in ORWO MH-28 developer, diluted in the ratio 1:4. 

Materials 
Zone-refined biphenyl was the same as in our previous work. tt3> 
Polyisobutylene was a commercial sample Oppanol B-I 5, reprecipitated (twice) by acetone from a 

benzene solution in order to remove the low-mol, wt. additives. 
Polystyrene (Polystyrol III D, BASF) was used as obtained. 
n-heptane (A.R., ex VEB Berlin-Chemie, Adlershof, b.p. 98"5°), benzene and toluene (both A.R., 

ex Lachema Brno) were distilled before use. 

RESULTS A N D  DISCUSSION 

To verify experimentally the derived expressions and to check the possibilities of the 
method, the diffusion in three systems has been followed: biphenyl (representing a 
monodisperse solute) in benzene and two non-fractionated polymers with wide tool. 
wt. distribution, viz., polyisobutylene in n-heptane and polystyrene in toluene. The 
results are summarized in Table 1. The average diffusion coefficient D2 was determined 
from the slope of the straight part  of  the plot ~- vs. , / (Eqn.  4); the quantity D~ was 
calculated from the corresponding intercept, with Ano given by Eqn. (18). Do was 
determined from the first moment  of  the generalized gradient curve according to 
Eqn. (17). A digital computer NE 803 was programmed to handle the calculations. 

The two criteria of  polydispersity (D1/D2 and Do/D~) listed in the last two columns 
of  the Table, should be higher than or equal to unity as required by the definition of 
the three quantities involved. The diffusion coefficients Do, D~ and D2 for the pure 
substance biphenyl indeed coincide. (The published values of  D for this system ~9. I~  
are 1 "55s × 10 -s and 1 "55o × 10 -s cm 2 see - t ,  respectively.) The small deviations 
of  the two ratios D~/D2 and Do/D~ from the theoretical value of unity indicate the 
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experimental error. The consistency within a single experiment is very good, the de- 
viations being less than 0.5 per cent in most cases; the variation between experiments 
amounts to approximately 1 per cent. 

Non-fractionated polyisobutylene was measured at different concentrations as 
indicated; in all cases except PIB-5 (the highest concentration), the upper layer was 
pure n-heptane. The diffusion coefficients for PIB-5 are higher than the others, indicat- 
ing a slight concentration dependence. The figures in the last two columns again indi- 
cate the scatter of the results, which is somewhat higher in this region of much lower 
diffusion coefficients. 

Four fractions, amounting to approximately 25 per cent of the whole polymer, were 
separated by fractional precipitation in the system benzene-methanol; the diffusion 
of the last one was measured. The resulting decrease in the criteria DI/D,. and Do/DI 
is in accord with the expected narrower distribution of the fraction as compared with 
the parent polymer. 

The results of experiment PS-1 are included in the Table, although the initial concen- 
tration difference was too low here (in view of the unfavourable refractive index incre- 
ment for polystyrene in toluene); the diffusion coefficient Do is accordingly not reliable 
and the calculation of tool. wt. averages for polystyrene, described below, was based 
on the results of experiment PS-2. 

Instead of characterizing the polydispersity by means of the two diffusion criteria, it 
is possible to go over to the more usual ratio l~I,,/~n. In a previous paper (18> a new ex- 
ponential function was proposed which proved to be a versatile model for approxima- 
ting the distribution curves of polymers, and a graphical method was elaborated for 
determining its three parameters from the experimentally found average diffusion 
coefficients Do, D1 and D~. If used to approximate the distribution function f (  D), it has 
the form 

3slt(. + 1)/s 
f (D)  = • D" exp [ -- tD']. (19) 

If the coefficients KD and ct in the well-known equation 

D .---- KD M - "  (20) 

are known, the distribution (19) can be transformed into the mol. wt. distribution g(M) 
using the relation g(M) = --.[(1)) (dD/dM). It is easy to show that g(M) will be of the 
same form as (19) (only the numerical values of the three parameters s, u and t being 
different); from g(M) the number and weight average tool. wts. 19I~ and l~I,, can be 
calculated and compared with experimental values. We applied this procedure to our 
diffusion data, using the published values KD and ct for polystyrene ~19> and polyisobuty- 
lene. <14> (Note a misprint in Ref. 19: KD should read 2.37 × I0- s.)The average mol. 
wts. calculated in this way are compared in Table 2 with experimental values, obtained 
from osmometry and light scattering (and, for polystyrene, also with values calculated 
from results of gel permeation chromatography). 

In view of the various approximations involved, the agreement can be considered as 
fair and it will encourage our further work in this direction. 
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